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Space Marching Calculations About Hypersonic Configurations
Using a Solution-Adaptive Mesh Algorithm
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A solution-adaptive marching algorithm is developed and applied to a three-dimensional parabolized Navier-
Stokes equation solver. The resulting algorithm obtains accurate solutions by using a spatial-marching/adaptive-
grid procedure. The adaptation step redistributes grid points line by line in both crossflow directions, with grid
point motion controlled by forces analogous to tensional and torsional spring forces with the tensional force pro-
portional to the error measure or weighting functions. The solution-adaptive marching procedure is applied to
the hypersonic flow about two generic aircraft configurations. The first of these is an all-body-type geometry with
elliptical cross sections and is studied at angles of attack of 0, 5, and 15 deg. The second geometry is a generic
blended-wing-body design. Results are presented that demonstrate the improvements in flowfield resolution
obtainable with the solution-adaptive marching procedure over conventional fixed grid techniques. Computed
pitot pressure profiles obtained using the solution-adaptive algorithm show improved agreement with experimen-
tal data compared to predictions obtained using a fixed grid.

Introduction

HIS paper describes the continued development and applica-

tion of a solution-adaptive grid algorithm coupled with a
parabolized Navier-Stokes (PNS) solver. In Ref. 1, the present
authors presented a two-dimensional adaptive grid scheme, and in
Ref. 2 they presented a three-dimensional solution-adaptive proce-
dure and applied it to the flow over a yawed circular cone. In
applying the method of Ref. 2 to more complex geometries, it was
found to be necessary to improve the method through modifica-
tions that provide a smooth adapted grid at each step and that per-
mits an easy application of the procedure to complex geometries.
The improvements to the procedure in Ref. 2 are described in this
paper, and the improved procedure is applied toward the solution
of the flow over two complex geometries.

Truncation error in any finite difference scheme is proportional
to the grid spacing raised to the power of the order of accuracy.
Adaptive grid techniques provide a means for improving the accu-
racy of numerical solutions to field equations by adjustments in the
grid point locations. Numerous studies on adaptive grid techniques
are currently available. Thompson,®> Hawken,* and Moukalled®
independently provide complete surveys of the most widely
accepted methods.

The present solution-adaptive grid technique uses a spring anal-
ogy to model grid point motion. Gnoffo,’ Nakahashi and Deiw-
ert,”® Davies and Venkatapathy,” and Djomehri and Deiwert!®
have all made significant contributions to adaptation methods that
are similar in their basic ideas to the present one in that they
employ the tension and torsion spring analogy to formulate the
equations that yield the adapted grid point positions. The present
work, however, makes a number of distinct and unique contribu-
tions that make the method different from the other reported con-
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tributions. Some of these important contributions of the present
work are discussed next.

The present solution-adaptive grid algorithm is embedded in a
PNS solver and obtains accurate numerical solutions in a single
pass. At each downstream step, an improved solution is cbtained
on an adapted grid immediately after grid adaptation is performed.

The calculation of error estimates or weighting functions used to
control grid point redistribution is based on an algorithm whereby
an error measure (generally a weighted combination of the gradi-
ent or curvature) is computed at all points and then normalized.
The largest normalized gradient is then chosen to represent the
weighting function at each point along a coordinate line. Thus,
during grid adaptation, equal consideration is given to all vari-
ables; for instance, pressure is changing rapidly in one region of
the flow but may be unimportant in other regions, where other
variables may be changing significantly. Because of spatial limita-
tions here, the reader is referred to Refs. 1 and 2 for a more com-
plete description of the weighting function selection procedure.

Three-dimensional applications of solution-adaptive grid tech-
niques have been reported by Nakahashi and Deiwert® and Djome-
hri and Deiwert,!® who have incorporated the use of two torsional
force terms in the grid adaptation equations. A user-specified
parameter is required for each term. In Harvey et al.? this tech-
nique was employed with limited success to adapt the grid for the
flow over cones at angles of incidence. It was difficult to find
appropriate values for the torsion parameters that produce an
adapted grid that is suitably smooth for obtaining a numerically
stable second solution step in the present solution-adaptive march-
ing scheme. A different torsional formulation presented in Ref. 2
was then devised in an attempt to provide a method that allowed a
wider range of appropriate adaptation parameters: In the formula-
tion of Ref. 2, a single torsion parameter is specified and the tor-
sional dependence is divided into two components by proportion-
ing the relative magnitudes of the streamwise and crossflow
torsion terms with the relative grid scales in the respective direc-
tions. Although this technique produces satisfactory results for rel-
atively simple geometries such as cones, it was found to be inade-
quate for more complex situations. ;

In an attempt to further improve the relationship between neigh-
boring grid lines in the adaptation equations, a different approach
is devised in the present paper. This technique involves defining a
single grid reference position, eliminating one of the torsional
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force terms in the adaptation equations altogether, and including a
second parameter (to be described later) to proportion the grid ref-
erence positions from the crossflow and streamwise directions to
define a single grid reference position. Thus, with this formulation,
only one torsional force term appears in the adaptation equations.
This approach was found to be more robust in that a wider range of
values for the torsiomal parameter exists that produce a smooth
adapted grid for the second solution step of the solution-adaptive
marching procedure.

Another contribution of the present work is the development of
a grid-fitting scheme for three-dimensional flows similar in princi-
ple to that presented in Ref. 1 for two-dimensional flows. For com-
plex three-dimensional problems it is often difficult to define a
grid that is accurately aligned with the shock structure. If the grid
is not aligned to some extent, grid adaptation using the present
technique is very difficult. Grid lines tend to distort in the
freestream. The grid-fitting algorithm eliminates these problems
by accurately aligning the outer grid line with the outermost shock.
As a result, the shock remains stationary relative to the grid, and
furthermore, a maximum grid density is obtained in the region of
interest. This feature also improves the performance of the adap-
tive grid algorithm, eliminating the severe grid distortions that
appear without the use of the grid-fitting scheme.

Solutions to the PNS equations are obtained by marching in
space rather than time and therefore are obtained much more effi-
ciently than solutions to the time-dependent Navier-Stokes equa-
tions. The present flow solver, developed by Lawrence'' and
Lawrence et al.'>'3 involves the integration of the PNS equations
and incorporates a steady version of Roe’s approximate Riemann
solver' for the modeling of the inviscid fluxes.

Solution-Adaptive Procedure
The present grid-adaptation technique is based on the error equi-
distribution method and involves the redistribution of grid points
such that an error measure, which is generally proportional to (As)”
multiplied by a function of the flowfield variable derivatives [i.e.,
As"o(d,0', ..., 0], is equally distributed over a coordinate line.
In simplistic terms, this can be written as

W[ASI' =K

The grid interval As; is defined as the distance between adjacent
grid points along a line of constant computational coordinate, and
the weighting function w; is defined as a function of a selected nor-
malized flow property f such that

w;=1+Af"

where A and B are constants related to the specified maximum and
minimum grid spacings and are calculated from user-requested
maximum and minimum grid spacings Asyax and Asyy. The
normalized flow property f is obtained from a number of user-
selected dependent flow variables. The reader is referred to Refs. 1
and 2 for complete details on the weighting function selection pro-
cedure.

In a typical space-marching algorithm, the grid plane at the cur-
rent marching station and the grid plane at the next marching sta-
tion a distance A downstream make up a computational slab.
When performing the space-marching solution procedure, it is nec-
essary to be able to define the crossflow geometry of the body at
any arbitrary streamwise location. However, a typical surface grid
is composed of a finite number of specified crossflow surface sec-
tions (§ intervals), and the marching step size AE generally differs
appreciably from the size of these surface grid & intervals. There-
fore, crossflow grid planes are first constructed at locations corre-
sponding to each & interval on the input surface grid. This can be
done during the marching process, one by one, as each new & inter-
val is encountered using conventional grid-generation techniques.
The grid planes at the actual marching stations, which are grid
planes intermediate to the grid planes at the surface & intervals, can

then be obtained by linear interpolation between the grid planes on
either side.

Once the grid plane at the current marching station is adapted,
the task arises of building a grid plane at the next marching station.
These two adjacent grid planes must be sufficiently aligned with
one another to make up a computational slab that will permit accu-
rate numerical integration of the flow equations. As the solution-
adaptive marching scheme proceeds downstream, the grid be-
comes more aligned with the flowfield structure. As the marching
planes become more adapted, and if the surface geometry changes
appreciably in the marching direction, the task of constructing an
adjacent grid plane at the next marching station a distance A
downstream of the newly adapted marching station can become
increasingly complex. In fact, this is the major obstacle in imple-
menting an effective three-dimensional solution-adaptive march-
ing procedure.

In the marching solution-adaptive grid procedure developed in
Ref. 2, the grid plane at each subsequent marching station down-
stream of the current marching station is obtained by linear inter-
polation between the adapted grid plane at the current marching
station and the grid plane at the next £ interval of the surface grid
downstream. The grid plane at the next & interval of the surface
grid is updated after adaptation of the current marching station by
performing a sequence of one-dimensional interpolations along
each coordinate line separately. Thus, the two planes between
which a preliminary crossflow plane is interpolated are sufficiently
aligned with each other so that the linear interpolation produces a
grid plane at the next marching station that is aligned with the cur-
rent marching station. In this manner, the complex problem of
three-dimensional grid-point interpolation is avoided.

This method of aligning the upstream and downstream sides of
the computational slab in preparation for numerical integration
was, however, found to be restricted to relatively simple bodies
whose surface geometry changes at some constant rate (such as the
right circular cone of Ref. 2) and is not suited to more complex
configurations such as those contained in the present work.

In this paper, an improved procedure is developed for generat-
ing a preliminary crossflow grid plane at the downstream location.
The crossflow grid at each marching station is obtained from a
downstream projection of the grid at the previous marching sta-
tion. Instead of trying to align the downstream grid plane with the
adapted grid plane and then performing an interpolation between
these two grid planes to construct the computational slab (as
described earlier for the cones of Ref. 2), we found that a more
general procedure (applicable to more general three-dimensional

Fig.1 Adaptive mesh geometry.
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Fig.2 Downstream projection of adapted grid plane.

geometries) is to project the adapted grid plane at the current
marching station downstream to the next marching station using
the fixed surface grid as a guide. The only additional information
needed (in addition to a complete surface grid) is that concerning
how far out into the freestream the next grid plane should extend.
This information is obtained with a grid-fitting scheme that moni-
tors the far-field flow structure at each marching station and keeps
the outer edge of the grid in the freestream. The three-dimensional
grid-fitting scheme and the improved grid projection techniques
are described in more detail later and represent two important con-
tributions of this paper.

In the next section, a slightly different three-dimensional formu-
lation of the grid adaptation equations than that presented by
Harvey et al.> is presented. The new formulation incorporates a
single torsional force term and provides improvements in grid
smoothness and algorithm robustness.

Grid Skewness Control

By performing a force balance along a constant  line on the
system of tensional and torsional springs about the point (i, j, #) in
Fig. 1, we obtained the following system of equations:

WilS; w18~ w (8 — 8;-) — K6;=0 (1

where s; is the resulting length of the current adaptation line up to
the new grid point location, and K is a proportionality constant.
The torsion angles 6; can be approximated as 0; = (s; — s/ )/IDBI,
where IDBI is the distance from point D to point B in Fig. 1. The
quantities 5! are defined as the total length of the coordinate line
up to the location of the grid reference location (point C of Fig. 1)
that is determined, as described later, from neighboring grid lines.
The term K0, represents a force on the grid point toward the refer-
ence point corresponding to s/, and it therefore represents the
influence from neighboring grid points.

By substituting the expression for 6; into Eq. (1) and rearranging
and defining 7; = K/IDBI, we obtained the following linear system:

WisiSi1—Wim + Wi +T)S; + Wi = —Tps) (2)

The previous formulation differs from the formulation of Ref. 2 in
that only one torsional force term is present. The use of a single
torsional force term has distinct advantages over the approach of
Ref. 2, which consists of multiple torsional terms and can often
produce opposing torsional forces and cause inconsistent grid
point movement. The single torsion term T; 5! of the present for-
mulation must now contain grid information from both streamwise
and crossflow directions. The calculation of both T; and s; is de-
scribed next.
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Equation (2) indicates that as the term T; becomes large, the
equilibrium position of the ith grid point approaches the position
corresponding to the location s; . This location represents the equi-
librium position of the individual torsional springs projecting from
neighboring grid lines. Consequently, a value of s; much different
from 5, the positions of the grid points before grid adaptation, can
result in excessive movement of grid points, even without any
input from the error measure. The initial grid point position §;,
before the grid adaptation step, corresponds to the grid point posi-
tion that results from the downstream projection of the grid at the
n—1 marching station to the nth marching station. The down-
stream projection of the current grid plane to the next marching
station is described in a later section.

To achieve precise and bounded grid point movement, the val-
ues of s; must remain close to the preliminary grid point positions
5;, and at the same time the values of 1; of Eq. (2) must be chosen
so as to hold the grid close to these locations. Values of T; that are
too large can smother the effect of the weighting functions, caus-
ing the grid to move independent of the solution, whereas values
that are too small permit excessive movement.

To make all of the terms of Eq. (2) of the same order of magni-
tude at each point along the adaptation line, T; is defined in the fol-
lowing manner:

T[' = }\.(Wi_] + Wi)—(_x.l. (3)

where A is a user-defined stiffness parameter and O, = 0;;/0t,;, is
the aspect ratio of the grid cell normalized with respect to the min-
imum cell aspect ratio. Each aspect ratio is computed using the
notation of Fig. 1 as follows:

C Sivin T Sicnga

T DB

The use of t; from Eq. (3) in Eq. (2) ensures that all terms of Eq.
(2) are of the same order of magnitude for all points along the line.
With this formulation, equal consideration is given to both the
weighting functions and the surrounding grid geometry in deciding
how the grid points should move.

The preliminary grid point positions §; obtained by projecting
the upstream grid plane to the current location (point A of Fig. 1)
do not necessarily satisfy the requirements for grid orthogonality
and straightness in the crossflow direction. For satisfying orthogo-
nality and straightness requirements in the crossflow direction,
grid torsional reference positions s,; are defined, as described

OUTER GRID SURFACE

Forcbody - Elliptic Cone
Afterbody - Elliptic Cross Sections

SYMMETRY PLANE -

SURFACE GRID

Fig. 3 Sectional view of solution-adaptive and grid-fitted computa-
tional grid. Location and direction of viewpoint indicated by the
arrows in the inset (o = 0 deg, M., = 7.4, Re,, ; = 15 X105, 151X 90
crossflow grid).
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later. The net torsional reference positions s; of Eq. (2) are the
positions the grid points should take based on considerations of
orthogonality and straightness both in the streamwise direction
(specified by 5;) and in the crossflow direction (specified by s, )-
Thus, the net torsional reference positions s; are defined as

s; =(1-)5; +espi 4)

where € is a proportionality constant. As mentioned in the preced-
ing section, the T; values can be chosen so that the solution to
Eq. (2) yields s; values that are in the neighborhood of the corre-
sponding s; values. A value of zero assigned to € neglects cross-
flow torsional dependence, whereas a value of unity permits the
grid to move without regard to the streamwise grid surface. Obvi-
ously, either of these extremes would quickly produce unaccept-
able results. Small values of € produce an acceptable degree of grid
movement with respect to the grid plane upstream of the current
marching station, resulting in sufficient alignment between the two
grid planes. However, values too small can cause grid irregularities
in the crossflow direction. A value of € = 0.3 was used for all com-
putations in the section to follow.

The quantities s;; represent the positions the ith grid point must
take so that the grid acquires the desired amounts of straightness
and orthogonality in the crossflow direction. The position sgi is
defined as the intersection point of the crossflow torsion vector
f.; and the current adaptation line (point B of Fig. 1). The cross-
flow torsion vector Z,; is computed in the same manner as in Ref. 2
by combining user-specified contributions of grid orthogonality
and straightness in the crossflow direction:

1i=C8;+(1-C)hy, (5)

where C can range from zero to unity. A value close to zero
enforces more orthogonality whereas values closer to unity pro-
vide more grid straightness. The straightness vector §; is defined
as a vector from the point (i, j — 2, n) to the point (i, j — 1, n) of
Fig. 1. The orthogonality vector #,; is defined as an average of
vectors normal to the current grid line and the neighboring line in
the crossflow plane.

To ensure that s.; is monotonically increasing and to provide
further grid point motion control, the point B is limited to /2As,
where As; is either the distance from the point (i + 1, j, n) to
the point (i, j, n), if the torsional vector crosses above point A as
in Fig.1, or is the distance from the point (i, j, n) to the point
(i — 1, }, n), if £.; crosses below point A, This procedure is also dis-
cussed in Ref. 2.

An important difference in the present formulation for the tor-
sional dependence and that developed in Ref. 2 is that, in the
present work, the reference positions from the streamwise and
crossflow directions are combined into a single quantity s; using
an additional parameter. In Ref. 2 an attempt was made to combine
the torsional parameters while maintaining two independent refer-

Fig. 4 Comparison of computed Mach number contours; left half,
fixed grid; right half, solution adaptive and grid fitted (o = 5§ deg, M =
7.4, Re., = 15 X105, x/L = 0.667).
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Fig. 5 Comparison of crossflow computational grid planes; left half,
solution adaptive; right half, solution adaptive and grid fitted (o = 5
deg, M., =7.4,Re, ;=15 X 108, x/L = 0.667, 151 X 90 crossflow grid).

ence positions for each grid point. Having two torsional terms
driving the grid points toward two different reference positions can
lead to an irregular grid point motion. The present formulation
overcomes this difficulty and, as later calculations will show, pro-
vides a smooth adapted grid.

Three-Dimensional Grid-Fitting Procedure

This section outlines the procedures by which the total height of
the grid is estimated at each marching station and the steps used to
project the grid plane at the current marching station to the next
marching station. This feature of the present procedure, although
presented earlier in Ref. 1 for two-dimensional flows, required
major extensions for the three-dimensional situations of interest in
this paper.

The solution-adaptive grid-fitting algorithm begins with an ini-
tial grid plane of data at the current marching station. This grid
plane must be projected downstream to form a computational slab
on which numerical integration can be performed. The first step in
this projection process is to determine how far out into the
freestream the next grid plane must extend. Each n-coordinate line
at the current marching station is searched in the { direction to find
the innermost position of freestream conditions and is clipped (or
extrapolated to) a prescribed distance above this location. The
resulting new m-ray lengths are first smoothed to minimize incon-
sistencies in the position of the outer grid line, and then, using a
few of these n-line lengths as control points, a spline is fitted to
form a temporary new outer grid line at the current marching sta-
tion. This new grid line is then projected forward to the next
marching station using a conical projection from a point far
upstream.

Downstream Grid-Plane Projection

At this point in the grid projection process, we now have, in
addition to the plane of data at the current marching station and the
surface grid, an outer grid line that serves as a far-field grid bound-
ary at the next marching station. The next task is to project the
interior of the grid plane at the current marching station (upstream
side of the computational slab) to the next marching station (down-
stream side of the computational slab) in such a manner to ensure
that the two sides of the resulting grid slab are uniformly aligned.
Figure 2 illustrates a typical grid plane at the current marching sta-
tion extending outward from the current & section of the surface
grid. Solid circles are used to represent grid points in the current
marching station, and open circles denote grid points (projected
points) in the next marching station. To construct the grid plane at
the next marching station, each kth point on the &, line of the sur-
face grid is extended a distance far upstream. For example, the
point (§,, Ny, 0) of the surface grid is extended to the point p; of
Fig. 2, which is defined here as the kth projection point, by extrap-
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marching station is projected linearly into the next marching sta-
tion. This is done by extending a ray from the kth projection point

through each of the (§,, n;, ;) grid points along the 1

line in the current marching station to a distance A downstream.

of Fig. 2,

is the € position of the plane
n the resulting 1 line projected
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face grid points in the current marching station at &, are projected
backward to construct corresponding projection points. All of the
projection points are restricted to lie in a common & = const plane
far upstream. The kth projection point p;, is then used as a reference
from which each grid point along the kth 1 line in the current

olating upstream the straight line segment joining the surface
points (€,,.1, N 0) and (§,,, N, 0). In this manner, each of the sur-
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Fig. 7 Sectional view of solution-adaptive and grid-fitted computa-
tional grid. Viewpoint location and direction same as Fig. 3 (o = 15
deg, M., =74, Re,, ;=15 X 108, /L = 0.667, 151 X 90 crossflow grid).

into the downstream marching plane will have the same shape as
the corresponding 1 line in the current marching plane. Once all of
the M lines have been projected downstream in this fashion, a
stretching procedure is performed to connect the outer edge of the
grid at the new station to the grid-fitted outer line obtained as
described previously. Recall that the grid-fitted outer line is the
new position of the far-field grid boundary as determined by the
grid-fitting procedure, each point of which was projected down-
stream from a common point far upstream.

In addition to providing an estimated height above the body for
projecting the grid downstream, the grid-fitting scheme has been
found to assist in providing improvements in the performance of
the adaptive grid algorithm. For complex three-dimensional exter-
nal flows, grid-skewing problems can arise when adapting the grid
using the adaptive grid techniques outlined in the previous section
if the shape of the grid differs too severely from that of the evolv-
ing bow shock. If a large number of grid points are initially in the
freestream, outside the bow shock, then grid points will cluster in
the vicinity of the bow shock. Any points outside the shock are in a
region of constant flowfield properties (i.e., freestream condi-
tions). As the solution proceeds downstream and the adaptation
procedure draws grid points into the steep gradient of the bow
shock, the outer grid lines tend to kink. The use of the grid-fitting
scheme keeps the shape of the grid accurately aligned with the
outer shock, producing a degree of resolution that can only be
rivaled with the use of a shock-fitting algorithm. This advantage,
brought about by the use of the grid-fitting algorithm, will be made
more apparent with the use of illustrations in the next section.

Results

Ames All-Body Vehicle

The three-dimensional solution-adaptive PNS algorithm is
tested for the hypersonic flow over the all-body configuration with
elliptical cross sections shown in the inset of Fig. 3. The flowfield
conditions were chosen to match those of the experimental and
computational study conducted by Lockman et al.'’ These condi-
tions are as follows: the Reynolds number is Re; = 15 X 105, the
freestream Mach number is M,, = 7.4, the freestream temperature
is T, = 61.5 K, the wall temperature is T,, = 311.1 K, the specific
heat ratio is Y= 1.4, and the Prandt] number is Pr = 0.72, where L =
0.9144 m is the total length of the model. As in Ref. 15, a turbulent
flow of a perfect gas is assumed, and the eddy viscosity is modeled
using the algebraic turbulence model of Baldwin and Lomax,'®
with transition to fully turbulent flow assumed at x/L= 0.05. The
value of y* for the first point off the wall varied between 1-4 for all

fixed grid and solution-adaptive, grid-fitted computations. Since
the wall spacing for the solution-adaptive and grid-fitted computa-
tions was held close to that for the fixed grid computations, y* was
approximately the same for both solution-adaptive and fixed grid
computations. Without the grid fitting, the solution-adaptive algo-
rithm tended to pull the grid away from the wall, increasing the y*
values.

For each angle of incidence, a conical stepback procedure was
performed on an initial grid plane at x/L = 0.05 obtained by a
hyperbolic grid-generation procedure. Once a converged conical
starting solution was obtained, the grid-fitting algorithm was used
to fit the outer grid line to the shock. For each angle of incidence
case, the cross flow grid plane consisted of 151 grid points in the
circumferential direction and 90 grid points in the radial direction.

After a suitable starting solution was obtained using the step-
back procedure, the solution-adaptive, grid-fitting, and marching
procedure was then employed with a marching step size of 1073 to
an x/L location of 0.8 for each angle-of-incidence case. Circum-
ferential adaptations were performed by sweeping from the body
surface outward, whereas the direction of the radial adaptation
sweeps alternated, sweeping one marching station from the wind-
ward to the leeward side and the next station from the leeward to
windward side. Alternating the direction of the radial adaptations
improved the grid smoothness, allowing grid orthogonality and
straightness information to propagate from both sides of the grid.

Adaptation along each crossflow direction (circumferential or
radial) required the specification of certain adaptation parameters.
The subscripts 1 and { are used, respectively, to delineate the
parameters employed along the circumferential and radial direc-
tions.

All adaptation parameters used for the present studies were
given identical values for each angle-of-incidence case. The
maximum and minimum allowable grid spacings were given
the following values: (Asyax)cAsye = 2.5, (Asyun); AASye = 0.5,
(Asyax)In/As,ye = 2.0, and (Asygn)y /As,e = 0.5, where As,,, is
the average grid spacing along the adaptation line. The C; and C,
are the grid straightness to orthogonality parameters used for the
radial and circumferential adaptations and were given values of
0.7 and 0.4, respectively. The torsional parameters A; and A,
of Eq. (3) were given values of 2 X 1073 and 25, respectively.
Mach number, pressure, and density were used as the adaptation
variables.

Figure 3 shows the longitudinal sectional view and a cross-sec-
tional view at one streamwise location of the resulting solution-
adaptive and grid-fitted computational grid for the 0-deg angle-of-
incidence case. For clarity, not all grid lines are shown. This figure
illustrates the algorithm’s ability to cluster points in regions of

Fig. 8 Comparison of computed Mach number contours; left half,
fixed grid; right half, solution adaptive and grid fitted (o = 15 deg, M,
=7.4,Re,, ; = 15 X 106, x/L = 0.667).
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Fig. 9 Comparison of pitot pressure profiles: a) o = 0 deg and b) x/L = 0.8.

interest and accurately align circumferential grid lines with the
crossflow flowfield structure while also increasing grid point den-
sity. The far-field edge of the grid is accurately aligned with the
bow shock whose position is indicated by the region of increased
grid clustering.

The strategy in selecting the adaptation parameters can be best
explained with reference to Fig. 3. The radial torsion parameter A,
was set to a relatively smaller value (less resistance to grid point
movement), and at the same time the radial grid straightness
parameter C; was set so as to enforce more grid straightness. At
the same time, the circumferential torsion parameter A, was set to
a higher value, with the circumferential grid straightness parameter
C,, set to enforce more orthogonality. Using this set of parameters,
grid points were permitted to move more freely during the radial
adaptation sweeps, whereas more grid orthogonality is enforced on
the circumferential sweeps. If strict orthogonality is imposed dur-
ing both directional sweeps, more restriction in point movement
occurs, resulting in a less adapted grid.

Figure 4 compares Mach number contours for solution-adaptive
(right side) and fixed-grid (left side) cases at a crosstlow location
of x/L = 0.667. Significant improvement in the resolution of the
bow shock can be seen. Small oscillations in the contours at the
maximum spanwise location (near the crossflow stagnation point)
can be seen in the fixed-grid half of the figure. These oscillations
are not present in the solution-adaptive results; however, small
oscillations appear just inside the bow shock for the solution-adap-
tive case.

Figure 5 compares a crossflow plane of the solution-adaptive
and grid-fitted grid for the 5-deg angle-of-incidence case with a
grid plane obtained without the use of the grid-fitting algorithm
(left side). Additionally, the grid illustrated in the left half of Fig. 5
was computed using the torsional formulation of Ref. 2, whereas
the grid in the right half of the figure was computed using the
present torsional term formulation. For the left half of the figure
(without grid fitting), the clustering at the bow shock has caused
severe grid skewing. If the outer boundary of the grid is not grid
fitted, then the radial extent of the freestream region compared
with the radial extent of the region of interest can vary signifi-
cantly at each circumferential location. This is clearly seen in the
left half of Fig. 5 where, along the major axis, the extent of the
freestream region is much larger than at other circumferential loca-
tions. Since the number of points in the freestream does not corre-
spondingly increase with the freestream extent, the radial mesh
spacing in the freestream along a radial outward line will be differ-
ent at different circumferential locations. This causes the mesh in
the freestream to distort, particularly when the radial extent of the
freestream changes appreciably in the circumferential direction.
Clearly, this is unacceptable, as seen in the left half of Fig. 5. The
grid-fitting algorithm eliminates these problems by producing a
crossflow grid plane whose shape is similar to that of the overall
flow disturbance, thereby minimizing the number of points in the
freestream.

For the solution-adaptive and grid-fitted case (right half of
Fig. 5), the formulation described in the present paper with only
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one torsional force term in the grid-adaptation equation was used.
For the left half of Fig. 5, the formulation of Ref. 2 that includes
two torsion force terms was used. These two terms, as discussed
previously, can often oppose one another, producing grid skew-
ness, the effects of which can be seen by comparing the differences
in grid smoothness inside the bow shock (right and left halves of
Fig. 5).

Grid skewness caused by the adaptation algorithm can adversely
affect the quality of the solution. This is illustrated in Fig. 6, which
compares computational grids and Mach contours at x/L = 0.667
near the crossflow stagnation point. Grid lines bulging outward
from the bow shock region in Fig. 6b result in a grid distortion and
inaccuracies in the predicted resolution and smoothness of the
shock. In addition, the solution inside the shock also deteriorates.
For the solution-adaptive and grid-fitted case shown in Fig. 6c,
flow features are sharp and well resolved, illustrating the substan-
tial improvements in accuracy over the solutions shown in Figs. 6a
and 6b. The increased grid smoothness inside the bow shock of the
solution-adaptive, grid-fitted case, compared with that in the grid
of Fig. 6b, can be attributed to the combined effect of the reformu-
lation of the adaptation equations to include a single torsion term
(as discussed previously) and to the use of grid fitting.

Figure 7 illustrates a sectional view of the solution-adaptive and
grid-fitted grid for the o = 15 deg case. For clarity, every other cir-
cumferential grid line is plotted. The position of the bow shock
is marked by the grid clustering region around the perimeter of
the grid.

In Fig. 8, Mach number contours obtained using a solution-
adaptive grid for the o = 15 deg case are compared with Mach con-
tours computed using a fixed grid (left half). The bow shock is
clearly better resolved for the solution-adaptive case. The rather
large angle of incidence results in a separated region on the lee-

Fig. 10 Illustration of solution-adaptive and grid-fitted grid and
Mach contours, x = 0.04-0.43 m: a) grid, b) Mach contours for solution
adaptive and grid fitted, and c¢) Mach contours for fixed grid (o = 0
deg, M,, = 11.35, Re; = 3.6 X107/m, 65 X 65 crossflow grid).

ward side that is better resolved due to the use of solution-adaptive
gridding (right half of Fig. 8).

In Fig. 9a predicted pitot pressure profiles obtained with a fixed
grid and the solution-adaptive, grid-fitting algorithm are compared
with experimental data at various x/L locations for the 0-deg angle-
of-incidence case. Improvements are seen at each location in the
resolution of the bow shock. Slight improvements can also be
detected in the expansion region produced by the afterbody. The
experimental data are taken from the study of Lockman et al.'3

In Fig. 9b predicted pitot pressure profiles obtained with a fixed
grid and the solution-adaptive, grid-fitting algorithm are compared
with experimental data at x/L = 0.8 for the various angle-of-inci-
dence cases studied. Again, significant improvements are detected
near the bow shock on the windward side for both angles of inci-
dence. Closer agreement with experiment is also observed for the
solution-adaptive case compared with the fixed grid case in the
expansion region on both the windward and leeward sides of the
5-deg angle-of-incidence case.

Computations were performed on the CRAY YMP/832 at
NASA Ames Research Center. Total CPU requirements for each
of the solution-adaptive cases took about 1.96 h or approximately
2.8 times the CPU time required for the fixed grid solutions. The
solution-adaptive algorithm requires no significant increase in
memory requirements over the fixed grid cases.

McDonnell Douglas Generic Option Vehicle

The solution-adaptive algorithm was also tested on the McDon-
nell Douglas generic option vehicle at 0-deg angle of incidence.
Flowfield conditions used are: the freestream Mach number is M,,
= 11.35, the freestream temperature is 7, = 60.2 K, the wall tem-
perature is 7,, = 311.1 K, the specific heat ratio is Y= 1.4, and the
Prandtl number is Pr = 0.72. The unit Reynolds number, Re =
35.98 X 10%m, is expressed per meter of the grid. The flow is tur-
bulent and the eddy viscosity is computed using the algebraic
model of Baldwin and Lomax.' A perfect gas is assumed, and
transition to fully turbulent flow is assumed to occur at x = 0.04 m.
Both solution-adaptive and fixed grids consist of 65 points in each
crosstlow direction.

Figure 10a illustrates the solution-adaptive and grid-fitted grid
on the forebody of the generic option. As expected, the grid is
clustered in the important regions. Figure 10b shows the solution-
adaptive Mach contours, and Fig. 10c shows the corresponding
contours on a fixed grid: The bow shock and the boundary-layer
region are well resolved in both the upper and lower planes in Fig.
10b. The outer grid boundary, due to grid fitting, is accurately
aligned with the bow shock. In Fig. 10c the fixed grid solution is
clearly not as well resolved.

Figure 11 compares the fixed grid with solution-adaptive grids
obtained both with and without the grid-fitting algorithm at the
maximum spanwise location for a chord distance of 0.37 m. Also
shown are computed Mach contours. The fixed grid solution of
Fig. 11a shows a smeared bow shock, and the contours are wavy
due to poor resolution. For the solution-adaptive case without grid
fitting (Fig. 11b), although the shock is better resolved, the oscilla-
tions in the Mach contours are still evident. This is attributable to
the grid lines distorting outside the bow shock regions as discussed
for the all-body results. The solution-adaptive results with grid fit-
ting (Fig. 11c) show significant improvements in the resolution of
the bow shock region. The grid is smooth and reasonably orthogo-
nal but provides the necessary clustering where required.

Figure 12 compares Mach number contours at three different x
locations between x = 0.43 and 0.71 m computed using a fixed
computational grid with those computed using a solution-adaptive
grid. Mach contours in the lower symmetry plane of Fig. 12b,
showing the interaction of the compression shocks, are well
resolved by the use of the adaptive grid. The corresponding fixed
grid contours exhibit considerable smearing of the bow and com-
pression shocks due to lack of the necessary grid density in these
regions. At the lower surface of the upstream-most contour section
of Fig. 12b, the first compression shock can be seen just below the
outer edge of the boundary layer. At the second cross-section this
shock wave has moved away from the body surface and is about
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midway between the body surface and the bow shock. The shock
due to the second compression surface interacts with the bow
shock at the location of the third set of cross-sectional Mach con-
tours. Also enhanced by the solution-adaptive grid code is the
shock interaction at the corner of the wing section of the third
Mach contour section. The expansion fan resulting from the inter-
action of the two ramp shocks is clearly resolved in the solution-
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adaptive results. These features of the flow are not as easily recog-
nizable in the Mach contours of Fig. 12a.

Summary
An improved solution-adaptive grid algorithm has been devel-
oped and applied to a parabolized Navier-Stokes solver. In the
present work, the solution-adaptive grid procedures were modified

e
¢ L

A
\

Jlh

\\
|

N
NN

\l

y, (meters)
0
]

U
sy,

b)

0.025 -0.025

y, (meters)
0
1

-0.025

\
LN
|\nmm|\\\:A““

o’ /5///////////////////l/llll.““‘
e 7)) )

AL T
””/,‘"

|
© 0.05 0.075

z, (meters)

T T
0.1 0.05 0.075
z, (meters)

Fig. 11 Comparison of grids and Mach number contours near maximum spanwise location: a) fixed grid, b) adapted, with grid fitting, and c)

adapted and grid fitted (o = 0 deg, M, = 11.35, Re; = 3.6 X 107/m, 65 X 65 grid).
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Fig. 12 Comparison of Mach number contours at x = 0.43 and 0.71 m
for generic option vehicle: a) fixed grid and b) solution-adaptive grid
(o= 0 deg, M., = 11.35, Re; = 3.6 X 107/m, 65 X 65 grid).

from those of Ref. 2 for application to more general three-dimen-
sional configurations. These modifications included the formula-
tion of a new technique to project the adaptive mesh plane down-
stream to the next marching station in preparation for the next step.
A three-dimensional grid-fitting algorithm was also developed that
enabled the solution-adaptive algorithm to provide a smoother
adaptive grid. The torsional force term formulation of the system
of grid-adaptation equations was also modified in the present
work. This modification increased the usability of the algorithm by
reducing the dependence of the user-selected adaptation parame-
ters on the relative scales of the grid. This increased the range of
usable parameters, thus reducing the number of trial solutions
required for parameter adjustment.

The algorithm was then tested on the hypersonic flow over two
lifting body configurations. The first was the Ames all-body vehi-
cle, and flowfield results were computed at 0-, 5-, and 15-deg
angles of incidence. Results computed using the solution-adaptive
grid-fitting scheme were compared with those obtained using con-
ventional fixed grids. Significant improvements were again
observed in flowfield resolution as well as pitot pressure predic-
tions. Results obtained using the grid-fitting scheme were also
compared with results obtained without the use of grid fitting, and
the advantages of grid fitting were clearly highlighted.

The adaptive algorithm was also tested on the McDonnell Dou-
glas generic option vehicle. The complexity of the surface grid of
this geometry was the major reason for the reformulation of the
downstreamn grid-projection procedure. The flowfield results
obtained using the adaptive algorithm illustrate the success of the
grid-fitting and grid-projection methods developed in this work.
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